A TVD scheme has been developed and incorporated into an existing timeaccurate high-resolution Navier-Stokes code. The accuracy and the robustness of the resulting solution procedure have been assessed by performing many calculations in four different areas: shock tube flows, regular shock reflection, supersonic boundary layer, and shock boundary layer interactions. These numerical results compare well with corresponding exact solutions or experimental data.
Introduction
Recently, an iterative-implicit diagonally dominant factorization algorithm, together with a high order finite-difference scheme, for solving the multidimensional compressible unsteady Navier-Stokes equations has been developed.
The important features of this solution algorithm, the finite difference scheme and some validated results were reported in Ref. [1] . The present work is a continuing effort at developing its shock-capturing capability through the use of flux limiters.
A brief description of the resulting TVD (total variation diminishing) scheme is given in Section 2.
Standard test cases have been carried out to assess the overall accuracy of the current code, which embodies the solution algorithm/scheme presented in Ref.
[1] and the shock-capturing capability developed under the current effort. In 
The Solution Algorithm and The TVD Scheme
A relatively detailed discussion of the overall solution algorithm and a high resolution finite-difference scheme for the inviscid fluxes, termed as the FCTD scheme, can be found in Ref. [1] . In short, the basis of the solution algorithm is a diagonally dominant approximate factorization procedure. The factorization error and the timewise linearization error associated with this baseline procedure are reduced by performing Newton-type inner iterations at each time step. The robustness of the overall algorithm is enhanced by carrying out the temporal iterations in pairs to enforce the operational symmetry of the factorization procedure. The temporal accuracy is increased to second-order by using three-point backward time differencing. The viscous fluxes are evaluated by using the halfspacing second-order central differencing scheme. The inviscid fluxes are evaluated by the so called FCTD scheme, which is an amended fourth-order central differencing scheme with its injected numerical dissipation having the same form as the entire dissipative part of the truncation error intrinsic to the third-order-biased upwind scheme. Under the current effort, a TVD form of the FCTD scheme has been developed to capture flow discontinuities that often occur in many practical problems. A brief description of this development follows.
The two dimensional Navier-Stokes equations in generalized coordinates (^,rl) can be written as a Q + ^E -E^1 +---^F -F"1 = 0 (1) where Q = Q/ J ; Q = (p, pu, pv, of , and J = ^Xrly-VI X is the metric Jacobian. Here, ti is the time; p is the fluid density; e is the total internal energy per unit volume; u and v are the velocity components in the x and y directions of a Cartesian 3 coordinates system. The transformed inviscid fluxes are denoted by E and F and the transformed viscous fluxes are denoted by E,, and F,. The specific forms of these transformed fluxes are well known and will not be repeated here. Using an iterative implicit technique and three point backward time differencing, equation (1) leads to
where
and
In the above equations, f denotes an arbitrary quantity, l represents an iteration index, and m is an intermediate iteration level between the n-th and (n+l)-th time levels.
The construction of operators approximating the left hand side of Eq. (2) and the evaluation of the viscous fluxes in Eq. (3) are the same as those described in Ref.
[1]. The development of a TVD scheme for evaluating the inviscid fluxes in Eq. (3) is based on the FCTD scheme described in Ref. [1] . Taking a in Eq. (3) as an example, and dropping 'A ' from the flux E, the working formula for FCTD scheme is given by
where It is noted here that, for convenience, the index j associated with the 11-direction has been dropped in Eq. (4).
The numerical dissipation of the FCTD finite-difference scheme is essentially an infinite series with its elements being the fourth and higher even derivatives of the absolute fluxes. The relative amount of added dissipation can be controlled through an adjustable parameter R. When P=O, FCTD becomes the fourth-order central differencing scheme without numerical dissipation and when P=1, it becomes the third-order-biased upwind scheme.
Following the steps detailed in Ref. [2] , a TVD form of the FCTD scheme can be constructed, and it has the following form :
r;
(4 +Ei , 4 +E, (6) where E is the total flux, E + and E-are the split fluxes, 0+ is the forward differencing operator, and 0 is a limiter. In Eqs. (8) and (9), the symbol < > denotes the inner product. The expression of E; z i s obtained by replacing i with i-1 in the above equations.
Now comes the choice of the limiter and the flux splitting scheme. In the present work, Roe's "superbee" [3] and flux-difference splitting [4] are chosen. Such a preference is based on our experience with several Euler and Navier-Stokes solutions. Nevertheless, it should be pointed out that no limiter has been found to be universally satisfactory, and a drawback of Roe's flux-difference splitting is that it may not spread the expansion wave correctly.
Unsteady Shock Tube Problems
Numerical results for four different shock tube cases have been obtained by solving the 2-D Euler equations and compared with the exact 1-D solutions. Table 1 gives the normalized initial conditions of these standard test cases. For Sod's and As mentioned before, an apparent drawback of Roe's flux-difference splitting is that it may not spread the expansion wave correctly and thus lead to a nonphysical 'expansion shock' appearing in the computed flow. Fig. 4 illustrates such a case. For this shock tube flow, the pressure ratio is 30, and the density ratio is 24.
The grid spacings are Ax=oy=0.05, and a constant Ot=0.01 is used to advance the solution over a period of 90 time steps. The comparison between the exact solution and the computed results obtained from the current TVD scheme with P =1 (i.e., the third-order-biased upwind scheme) indicates the appearance of an 'expansion shock' at x=0. It is noted here that the same 'expansion shock' also occurs for other values of R. When the pressure ratio is increased to the present strong shock level of 500, the solution procedure quickly diverges as a consequence of a much stronger, nonphysical, expansion shock. One way to fix this problem is to add dissipation proportional to the strength of the expansion (see e.g. [31). Under the current effort, the fourth-difference constant-coefficient artificial dissipation model [5] is adopted for this purpose. Fig. 5 illustrates the solutions obtained with P =1.0 and 6 =1.5, where 6 is the value of the dissipation coefficient. As it can be seen, the calculated results exhibit some oscillations near the expansion head. 
Several calculations have been performed to investigate the effects of P and the use of flux-limiter on the calculated boundary layer properties. All the calculations are carried out with a constant dimensionless time step Ot=0.01. Table   3 shows the parameters of these cases and a short description of the most important The main features of the oblique shock wave and laminar boundary layer interaction are well understood. A brief description of these features is given in Fig.   8 . Since this configuration involves shocks and separated flow, and carries no uncertainty associated with turbulence modeling, it is chosen here as a test case.
The numerical solutions at the asymptotic steady state are compared with the experimental data reported in Ref. [7] . In addition, time-accurate calculations are performed to illustrate the transient development of this interaction.
The flow parameters are such that m-= 2.2, Re= p-umxsh /µm = 9.8645x104, where Xsh=0.08m is the distance between the leading edge and shock impingement point in the experiment. In addition, the shock incident angle is 30.027 degrees.
Based on the studies discussed in Sections 4 and 5, the third-order-biased upwind (i.e., 0=1) TVD scheme is used for the present calculations. The total number of grid points is 74x62, and they are distributed in two different ways, as depicted in Fig. 9 .
For a given grid distribution, a steady-state boundary layer flow is first established.
Then, an oblique shock wave is imposed at the upper left corner of the inflow boundary and along the top boundary, where the variables are consistently over specified from the jump conditions. The subsequent transient development of the interacting process is followed by employing At=0.01, until an asymptotic steadystate is reached.
The grid distribution denoted by 'initial grids' is deduced from the triple-deck theory as described by Eq. (9) together with a constant Ax=0.03. The grid distribution denoted by 'adapted grids' is constructed by using the grid adaptation package TURBOAD [8] . More specifically, a steady state solution of the interaction is first obtained by using the initial grids. Using this grid distribution as a baseline and taking into account the large gradient regions in the flow solution, TURBOAD enables a redistribution of grid points to improve the resolution in the shock and recirculation regions. Such an improvement is demonstrated in Fig. 10(a) , which compares the measured wall pressure data and several computed results obtained from different grid distributions. It is noted here that, in Fig. 10(a) , the pressure is normalized by Po, i.e., the minimum pressure just upstream of the interaction. The calculated skin friction distribution is shown in Fig. 10(b) . Separation and reattachment points can be determined from the positions where the skin friction vanishes. Table 4 gives the locations of these points as determined from computations and experiment. The values determined from the adapted grids are in close agreement with the experimental values reported in Ref. [7] . Fig. 11 shows the measured and computed streamwise velocity profiles in the separated region.
Since the results obtained from the adapted grids require further two-dimensional interpolations between grid points, the profiles obtained from the initial grid distribution are used for convenience. It is also noted here that, as discussed in Ref. [7] , there are errors in the experimental velocity measurements due to the behavior of the seeding particles.
The transient development of the interaction process is illustrated by the computed flow fields at three time stations, i.e., at the moment of shock impingement (t=3.3x10 -4 seconds), the subsequent interaction in the upstream and downstream region (t=5.4x10-4 seconds), and the final asymptotic steady state. Page intentionally left blank 
